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Abstract

This paper deals with an inverse problem, which consists of the identification of point heat sources in a homogeneous solid in transient heat
conduction. The location and strength of the line heat sources are both unknown. For a single source we examine the case of a source which
moves in the system during the experiment. The two-dimensional and three-dimensional linear heat conduction problems are considered here.
The identification procedure is based on a boundary integral formulation using transient fundamental solutions. The discretized problem is
non-linear if the location of the line heat sources is unknown. In order to solve the problem we use an iterative procedure to minimize a
quadratic norm. The proposed numerical approach is applied to experimental 2D examples using measurements provided by an infrared
scanner for surface temperatures and heat fluxes. A numerical example is presented for the 3D application. 2002 Éditions scientifiques et
médicales Elsevier SAS. All rights reserved.

Keywords:Inverse problem; Point heat source; Infrared thermography

1. Introduction

The inverse problem we propose to solve is the identifi-
cation of the heat source term in the fundamental equation
of heat transfer. In the present work, the considered heat
source term is not a continuous function of space as pro-
posed in [1], but a discontinuous set of point heat sources at
unknown locations and of unknown strengths. This problem
can have some interesting applications in various domains
such as non-destructive control, for example the control
of prestressed concrete bridge structure damaged by steel
corrosion. The steel rods, heated by Joule effect can be as-
similated to point heat sources in a 2D section. By filming
the bridge with an infrared scanner, we obtain the superficial
temperature and heat flux field on the bridge boundaries. The
aim is to identify the heat dissipated by Joule effect in the
steel rods and their location using superficial measurements
only in order to estimate their corrosion level.

✩ This article is a follow up a communication presented by the authors at
the EUROTHERM Seminar 68, “Inverse problems and experimental design
in thermal and mechanical engineering”, held in Poitiers in March 2001.
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An other example is the identification of a fireball moving
in a slag heap in order to prevent the blaze at the time when
the fireball reaches the surface. In this case the fireball can
be assimilated to a moving point heat source. The aim is to
identify the path and the strength of the heat source using
superficial measurements.

The other authors working on heat source identification
propose methods such as the adjoint method [2] or the
finite element method (FEM) [3]. In [4], Le Niliot has
proposed the Boundary Element Method (BEM) for point
heat sources strength identification in diffusive systems. In
all these methods the location of the point heat sources
must be known to solve the inverse problem of strength
identification. Recently, Abou Khachfe [5] proposed the
FEM associated to a conjugate gradient algorithm to cope
with the location and strength identification of multiple
point heat sources. This method has been tested on a 2D
experiment and gives good results for the identification of
two static sources. In [6], we have proposed the BEM to
identify both the location and the strength of point heat
sources in the steady case. This method tested on a 2D
experiment gives good results for the identification of four
sources.

In a recent work [7], we have proposed a BEM approach
to identify the location and the strength of multiple heat
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Nomenclature

A linear system matrix
B second member vector
c multiplying coefficient
D diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
D matrix of the first derivatives with respect to

the coordinates
d distance from the line heat source . . . . . . . . . . m
g heat source
Gr Grashof’s number
h heat transfer coefficient . . . . . . . . . . W·m−2·K−1

hc convective heat transfer coefficient W·m−2·K−1

H ,G matrices of BIE coefficients
I matrix for point source treatment
K number of point sources
L length of the bar . . . . . . . . . . . . . . . . . . . . . . . . . . m
M number of unknowns
N number of boundary element
NuD Nusselt’s number for characteristic dimensionD

P heat flux vector
Pr Prandtl’s number
q∗ normal derivative ofT ∗
Q time regularization matrix
R number of future time steps
S source terms vector
s space dimension (s = 2 in 2D ands = 3 in 3D)
t time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature vector
T ∗ fundamental solution
u auxiliary variable
U solution vector
x, y, z Cartesian coordinates . . . . . . . . . . . . . . . . . . . . . m

X coordinates vector

Greek symbols

η time regularization parameter
δ Dirac function
ε emissivity
Γ boundary of the diffusive domain
λ conductivity . . . . . . . . . . . . . . . . . . . . W·m−1·K−1

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

ϕ heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

θ temperature in Celsius. . . . . . . . . . . . . . . . . . . .◦C
θ0 initial temperature . . . . . . . . . . . . . . . . . . . . . . .◦C
Θ vector of the heat sources contribution
σ standard deviation
Ω diffusive domain
τ time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s

Subscripts

k point source index
∞ ambient conditions
r radiative
c convective

Superscripts

̂ least squares solution˜ approximated heat source contribution

Abbreviations

BEM Boundary Element Method
FEM Finite Element Method
BIE Boundary Integral Equation
c.c. curvilinear coordinates

sources in the transient case. This method can cope with
the identification of the path and the strength of a single
source moving in a diffusive domain. Compared to the
FEM, the BEM does not require the complete mesh of the
domain, but only the boundary mesh, which is particularly
appropriated to the point heat source problem. Indeed, point
source treatment with the BEM requires only the coordinates
of the sources, without any refine domain mesh around the
sources to cope with the high temperature gradient nearby
these particular points.

In this paper, we present some experimental and numer-
ical examples of the method described in [7]. Two different
2D experiments have been set up, one for the multiple
static heat sources case and the other for the case of a
single moving heat source. A numerical example is pre-
sented in the 3D case, which consists of the identification
of the path and the strength of a moving heat source in a
cone.

2. BEM for point heat source identification

In this part of the paper we describe the BEM approach
for the point heat sources identification when both location
and strength are unknown. The inverse method presented
here is similar to our approach presented and detailed in
[7] in the steady case. As it is pointed out in [4], the
discretized boundary element equations are not linear when
the source locations are unknown. An iterative method is
proposed to minimize the distance between the modelled
heat source contribution vector and the boundary variables
contribution vector. The boundary variables can be given as
a boundary condition or measured. We can also have some
known internal temperatures. In our problem the number
of sources is supposed to be known but, in some cases it
is possible to find out the right number of the sources by
examining the residuals (see [6]). In this section we describe
the transient case formulation.
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2.1. The boundary integral equation

Considering the pointM, in a domainΩ of boundary
Γ and integrating twice the linear fundamental heat transfer
equation weighted by a fundamental solutionT ∗ [8] lead to
the Boundary Integral Equation (BIE) for the linear transient
heat conduction:

cθM,tF +
tF∫

t0

∫
Γ

αθq∗ dΓ dt

=
tF∫

t0

∫
Γ

α
ϕ

λ
T ∗ dΓ dt +

tF∫
t0

∫
Ω

α
g

λ
T ∗ dΩ dt +

∫
Ω

θ0T
∗ dΩ

(1)

Hereϕ is the heat flux,T ∗ the fundamental solution,q∗ the
normal derivative ofT ∗ andc a coefficient which depends
on the position ofM. Namely,c = 1 if M is in Ω andc < 1
if M is onΓ (e.g.,c = 0.5 if Γ is smooth atM).

The fundamental solutionT ∗ is a time-and-space de-
pendent function [9], which allows localised measurements
(internal points) and singularities as point heat sources. The
functionT ∗ used to obtain Eq. (1) is a solution of:

α)T ∗ − ∂T ∗

∂τ
+ δMδτ=0 = 0 (2)

Here,δM andδτ=0 are the Dirac functions at pointM and
time τ , respectively andτ = tF − t · T ∗ represents the
response to a point heat source in an infinite domain. Thus,
T ∗ can be written:

T ∗ = 1

(4πατ)s/2 exp

(
− d2

4ατ

)
H(τ) (3)

Here,H is the Heaviside function,s is the space dimen-
sion andd is the distance from the considered pointM to the
current node ofΓ . If the initial temperature field is uniform
or stationary, the domain integral in Eq. (1) associated to the
initial condition vanishes.

In the BIE (1) appears a volume integral relative to the
heat source termg. In order to transform this volume integral
in a discrete form without a complete domain mesh let us
considerg as a set ofK point heat sources. By applying the
explicit form of T ∗, the heat source term in BIE (1) can be
written:

tF∫
t0

∫
Ω

α
g

λ
T ∗ dΩ dt =

K∑
k=1

tF∫
t0

α
gk(t)

λ
T ∗
i,k dt (4)

Here,gk(t) is the algebraic strength of sourcek andT ∗
i,k

is the fundamental solution given at Eq. (3) and calculated
with di,k the distance from the considered pointM to the
sourcek. As we can see in the latter equation,T ∗

i,k is then
the response at pointM to a strength variation of a point
heat sourcek.

2.2. The heat source strength identification

It is important to notice that, as it is mentioned in [8],
using (4) in (1) leads to a boundary integral formulation
only. Thus a boundary discretisation is sufficient to solve the
fundamental heat transfer equation.

As it is recommended by Brebbia et al. [8] and applied
in [4], we use elements that are constant over space and
linear over time. This last assumption means that the
temperatures and heat flux are assumed to be constant on
each element and linearly variable between two successive
time steps. In a similar way, a linear variation in time for
the heat source strengthgk within each time step will be
assumed. The boundaryΓ is discretized inN boundary
nodesΓi . Introducing the coefficientsHi,j,F,f andGi,j,F,f

of the boundary integrals over an elementΓj considering the
boundary node onΓi we obtain the following equation:

cθi,F +
F∑

f=1

N∑
j=1

(H1i,j,F,f θj,f−1 + H2i,j,F,f θj,f )

=
F∑

f=1

N∑
j=1

(G1i,j,F,f pj,f−1 + G2i,j,F,f pj,f )

+
F∑

f=1

K∑
k=1

(I1i,k,F,f gk,f−1 + I2i,k,F,f gk,f ) (5)

Here θj,f is the temperature at elementΓj at time tf ,
pj,f is the heat flux at elementΓj at timetf , Ii,k,F,f is the
value ofT ∗ considering nodei, point sourcek and timestF
andtf . The coefficientsHi,j,F,f andGi,j,F,f can be found
in [8]. Ii,k,F,f is related to heat source coordinates.

Compared to the previous coefficients, the coefficient
Ii,k,F,f is not the result of a double integral on time and
space but the value of a simple integral on time of the
fundamental solution at nodeΓi considering the line source
k. If the coordinates of the set of sources are known, it is
possible to calculate these coefficients. Let introduce the
auxiliary variableuf given as:

uf = d2
i,k

4ατ
with τ = tF − tf (6)

wheredi,k is the distance from the point heat sourcek to
the boundary nodeΓi . Using the auxiliary variableu it is
possible to integrate (4) analytically. As an example for the
coefficientI2i,k,F,f we obtain:

I2i,k,F,f = tF − tf−1

4π)tf

[
Γ (0, u)

]uf−1
uf

− 1

4π)tf

[
uτΓ (−1, u)

]uf−1
uf

(7)

Here,Γ (a,u) is the incomplete Gamma function [10] of
the variableu and)tf = tf − tf−1. As we can see in Eqs. (6)
and (7), the distance from the sourcek to boundary nodeΓi

is included in some incomplete Gamma function of auxiliary
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variableu. An initial guess is then necessary to use Eq. (5)
for point heat source strength identification.

Considering the ill-posed character of the inverse prob-
lem for the strength identification procedure we use some
future time steps as recommended by Beck et al. [11] and a
Tikhonov’s regularization procedure as recommended by Le
Niliot [4].

The method of the future time steps consists in solving
the problem at the resolution timetF taking into account
the measurements at timestF , tF+1, . . . , tF+R in order to
increase the sensitivity of the solution to the measure-
ments at timetF . Let us introduce the macro matrices
HF,F+R,GF,F+R that include the boundary equations at
times tF+r (0 � r � R) and the macro matrixIF,F+R that
includes the coordinates of the point heat sources at times
tF+r (0� r � R). Let us introduce the matrix equations:

HF,F+R


 TF

...

TF+R




= GF,F+R


 PF

...

PF+R


 + IF,F+R


 SF

...

SF+R


 +WF,F+R

(8)

HerePF+r (TF+r ) is aN -dimensional vector of the heat
flux (temperatures) at the boundary at timetF+r (0 � r � R)

and SF+r is a K-dimensional vector of the heat source
strength at timetF+r (0 � r � R). The macro matrices
HF,F+R , GF,F+R andIF,F+R are triangular blocks whose
elements are detailed in [4]. The vectorWF,F+R contains all
the information relative to the previous time steps (t < tF ).
Considering some unknown point heat sources at unknown
locations, the system (8) is non-linear.

The system of Eq. (8) containsN × (R + 1) equations
and (2 × N + (s + 1) × K) × (R + 1) unknowns, namely
N × (R + 1) boundary temperatures,N × (R + 1) boundary
heat flux densities,K × (R + 1) point heat source strengths
andK × s × (R + 1) point heat sources coordinates, if we
consider the possibility of moving sources in time. If we
can find some boundary variables (at least one per element),
which can be a prescribed temperature, a prescribed heat
flux or both boundary variables prescribed, the number
of unknown boundary variables at each time step can be
reduced toM × (R + 1).

Let us assume that theK × s × (R+1) coordinates of the
point heat sources are known as initially guessed locations
or iteratively updated locations. As a result, the matrixI can
be computed and the linear system (8) can be solved in the
sense of vectorsSF+r (0 � r � R) identification. Under all
these assumptions it is possible to recast the system (8) into
the linear system:

AU = B (9)

HereA is a matrix of dimension(N × (R + 1), (M +
K) × (R + 1)), U is a vector of dimension(M + K) ×

(R + 1) andB is a vector of dimensionN × (R + 1). In the
general case we have more measurements than unknowns
andU has to minimize a cost functionJ (U). If we use a
time regularization procedure (see [12]), the classical cost
function is modified andU has to minimize functionalJ (U)

given by:

J (U) = ‖AU − B‖2 + η‖QU‖2 (10)

Here Q is the time regularization matrix of dimension
((M + K) × (R + 1), (M + K) × (R + 1)) and η is a
regularization parameter. In all the following we will use
a second order regularization. If we apply the least squares
method to minimize the function (10), this leads to the vector
Û as the solution of the square linear system of equations:(
ATA + ηQTQ

)
Û = ATB (11)

Once the vector̂U is obtained, we can determine the
values of the estimated strengthsĝk (1 � k � K) and the
boundary variables which are not prescribed at timetF+r

(0� r � R).
The approach presented in this part for point heat source

strength identification is possible only if the coordinates of
the sources are known in order to calculate the components
of matrix IF,F+R. Contrary to the strength identification
problem, the location identification problem is non-linear
because the macro matrixIF,F+R contains non-linear func-
tions of the sources coordinates. Nevertheless, it is possible
to calculate the first derivatives of this functions with respect
to the coordinates. In this case we use an iterative method
to identify the heat sources location. As the coordinates can
be constant or function of time according to whether the
sources are static or not, we have developed two different
location identification procedures, one for the multiple static
heat sources case and one for the single moving heat source
case.

2.3. The location identification procedure for multiple
static heat sources

The procedure for the multiple static heat sources case is
not sequential but global, i.e., the coordinates are identified
using the entire time steps, which gives a lot of information.
Using the least squares approach it is possible to compare
the space dependent heat source vector and the boundary
measurements vector. Let us introduce two vectorsΘ̂f and
Θ̃f (0� f � F ), where:
 Θ̂1

...

Θ̂F


 = H1,F


 T̂1

...

T̂F


 − G1,F


 P̂1

...

P̂F


 (12)


 Θ̃1

...

Θ̃F


 = Ĩ1,F


 Ŝ1

...

ŜF


 (13)

In the latter equationŝ denotes the least squares solution
obtained from Eq. (11) at each time step and˜ denotes the
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heat sources location dependent vector. The vectorΘ̃f is
calculated using the iteratively updated, or initially guessed,
locations contained in matrix̃I1,F and the updated strengths
contained in̂Sf .

In the inverse approach for heat sources location the aim
is to minimize the distance between the vectorsΘ̂f andΘ̃f

(0 � f � F ) and find out an estimate vector̂X that contains
the coordinates of the sources. As a resultX̂ is solution of
the following equation:

X̂ = arg


min

∣∣∣∣∣∣
∣∣∣∣∣∣

 Θ̂1

...

Θ̂F


 −


 Θ̃1

...

Θ̃F



∣∣∣∣∣∣
∣∣∣∣∣∣

 (14)

The proposed method can be decomposed into two
steps; the first one consists of an identification ofŜf , T̂f

and P̂f at each time steptf (0 � f � F) using initially
guessed or updated locations; the second one is a first
order approximation of the matrix̃I 1,F with respect to
the coordinates. The two steps are included in an iterative
process. The employed method is a Newton method using
the first term of the Taylor expansion of the fundamental
solution contained in the matrix̃I1,F . Using a first order
approximation leads to the linear system:


 Θ̂1

...

Θ̂F


 −


 Θ̃1

...

Θ̃F


 = D1,F)X (15)

Here)X is a (K × s)-dimensional vector of components
)xk, )yk and )zk , the errors on source locationk. The
matrix D1,F is a (F × N × (K × s))-dimensional matrix
consisting of the first derivatives of matrixI 1,F components
with respect to the coordinates of the sources. An estimation
)X̂ of vector)X is obtained from system (15) by least
squares. The new coordinates of the sources are updated
to solve the inverse problem described by Eq. (11). If the
number of sensors is sufficient the algorithm converges to
the source locations with the correct strength. If during the
iterative procedure a location is found outside the domain, a
new location is randomly imposed within the domain.

Of course the initial guessed locations are very important
in order to converge as rapidly as possible. In practical cases,
these initial locations are chosen at the centre of the diffusive
system but not at the same location in order to avoid a
singular matrixA.

The stopping criteria are based on coordinate variations
between two iterations. Another stopping criterion could
be introduced by calculating the norm‖Tmes− T̂ ‖, where
the vector̂T contains the calculated temperatures using the
results of the inverse problem and a direct BEM approach.
These calculated temperatures are compared to the vector of
the measurementsTmes. The use of this criterion imposes the
resolution of a direct problem at each iteration, which is not
our aim.

2.4. The location identification procedure for a single
moving heat source

The location identification procedure is similar to the one
of the multiple static heat sources case. Nevertheless, we
have to identify the coordinates of the source at each time
step, which means that the iterative process occurs at each
time step to identify both the strength and the location of
the source. As for the strength identification procedure, we
use the method of future time steps in order to increase the
sensitivity of the solution to the measurements at timetF . As
the source is moving, the error on the location of the source
is calculated for each future time step, which increases the
number of unknowns. If we haveR future time steps, the
number of unknown locations is then equal tos × (R + 1).
For location identification, the aim is to find out a vectorX̂

that contains the coordinates of the source at time steps
tF+r (0 � r � R):

X̂ = arg


min

∣∣∣∣∣∣
∣∣∣∣∣∣

 Θ̂F

...

Θ̂F+R


 −


 Θ̃F

...

Θ̃F+R



∣∣∣∣∣∣
∣∣∣∣∣∣

 (16)

As in the multiple static heat sources case, the vectors
Θ̂F+r and Θ̃F+r are the solution of Eq. (11) resolution,
but in this case we have to extract all the components
(ÛF , . . . , ÛF+R) of vector Û consideringR future time
steps. The errors)xF+r

k , )yF+r
k and)zF+r

k are calculated
using a Newton method similar to the previous case. The
new coordinates of the source are updated at each time step
to solve the inverse problem described by Eq. (11). In order
to reduce the sensitivity to measurements errors, we use the
function specification method recommended by Beck et al.
[11] in the strength identification procedure. We assume that
the coordinates are constants over theR future time steps to
identify the strength of the moving heat source.

3. Experimental 2D applications of point heat sources
identification

In this section we propose two experimental identification
examples based on the same 2D geometry. The experimental
designs are two long square bars of section 50×50 mm2, one
for the multiple static heat sources case and the other for the
case of a single moving heat source. Each bar is crossed in
its longest dimension by multiple thin KANTHAL® heating
wires (diameterφ = 0.3 mm and resistanceR = 29;·m−1),
and this configuration represents a point heat source in a 2D
section. The wires are heated by the Joule effect. The current
is provided by some power supplies. As the system can be
considered 2D at the centre of the bar, the heat source value
is g = V × i/L, whereg is the strength in W·m−1, V is the
measured voltage in Volts,i is the current in Amperes andL
is the length of the bar (0.280 m).

The bar is fixed vertically on an optical bench. The
infrared scanner is placed on the same bench. All the
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surfaces are painted with a black paint of emissivityε =
0.95 in the wavelength range of the scanner (8–12 µm).
The proposed experimental set-up is very similar to the one
proposed in [6].

In the presented examples, all the variables, i.e., heat
flux and temperatures, are known along the square bar
boundary, which is called the double specified boundary
condition. The initial temperature field is equal to the
ambiant temperature. The temperature measurements are
obtained from an infrared AGEMA 880 Long Wave scanner.
The infrared pictures constituted of 270×270 pixels (picture
elements) are recorded on hard disc. In the obtained infrared
picture used as a data-file it is necessary to extract 40 values,
which represent 10 boundary elements over each side of the
bar. To obtain this information from the picture we use a
quadratic interpolation over the concerned pixels and the
average temperature is then calculated at the middle of the
element. The identified thermophysical properties of the bar
are:λ = 0.96 W·m−1·K−1 andα = 5.3× 10−7 m2·s−1.

The heat flux used as an extra boundary condition is
obtained by associating the measured temperature field
to a calculated non-linear heat transfer coefficient. Such
restrictive boundary conditions are not essential to solve the
inverse problem. The heat flux densities over the scanned
surfaces are obtained as the sum of radiant and convective
losses. For the radiant heat flux density we have:ϕr =
εσ(T 4

r − T 4
i ), whereTr is the radiant ambient temperature

in Kelvin andTi is the measured temperature at the element
Γi of the scanned boundary in Kelvin. For the convective
heat transfer coefficienthc(t) we use the relation proposed
by Elenbaas [13] for a short vertical cylinder in calm air. In
the case of a cylinder of lengthL and diameterD we have:

NuD exp

( −2

NuD

)
= 0.6

(
Gr · Pr · D

L

)1/4

D

(17)

This correlation is used considering an average tempera-
ture along the studied section. Including radiant and convec-
tive losses, the measured heat flux densityϕi at boundary
elementΓi associated to the measured temperatureθi is
given by the relation:

ϕi(t, θ∞, θi, Tr, Ti) = εσ
(
T 4

r − T 4
i

) + hc(t)(θ∞ − θi)
(18)

Here ε is the emissivity. The ambient temperatureθ∞ in
degree Celsius and the radiative temperatureTr in Kelvin are
measured during the experiment. The radiative temperature
is the temperature of the wall of a box surrounding the
experimental apparatus and the ambient temperature is the
temperature inside this box.

3.1. The static heat source case

The 2D section relative to the static heat source case is
shown in Fig. 1. We have 4 different sources, fromg1 to g4
situated in the four corners of the bar.

Fig. 1. The experimental section for the multiple static heat sources case.

Table 1
Identified coordinates

Source Identifiedx,y Coordinates errors d (mm)
x (mm) y (mm) )x (mm) )y (mm)

g1 12.62 12.27 0.1 −0.2 0.3
g2 36.70 13.31 −0.8 0.8 1.1
g3 36.96 37.06 −0.5 −0.4 0.7
g4 13.09 36.62 0.6 −0.9 1.1

The four sources are activated with different strength
variations:g2(t) andg4(t) are sinusoidal and their phases
are opposed,g1(t) is constant andg3(t) is triangular. The
experiment lasted 3600 s and the time step used for the
identification was)t = 36 s. Six future time steps are used
for the strength identification. The identified coordinates
are given in Table 1. The distanced , given in mm, is
the distance between the identified and the experimental
source. As we can see from Table 1, the location is accurate
with a maximum distance between the identified and the
experimental source of 1.1 mm.

The identified strengths are displayed in Fig. 2. They
are very satisfactory with an error less than 5% from the
experimental strengths.

3.2. The moving heat source case

The 2D section relative to the moving heat source case is
shown in Fig. 3. The moving point heat source is simulated
by 15 heating wires activated successively. The experiment
lasted 3600 s and the time step used for the identification is
)t = 72 s. In this case, four future time steps are sufficient
to identify both the path and the strength of the point heat
source, because the time step is twice as long as in the static
heat source case. In this example, the moving heat source
has an average speed of 78.5 mm·h−1. Each heating wire
is activated with a constant strength. The identified path in
(x, y) diagram is given in Fig. 4(a) and the identified(x, y)
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(a)

(b)

Fig. 2. Identified strengths (W·m−1) versus time (s) using the locations
given in Table 1,R = 6, (a)g1 (�) andg3 (©), (b) g2 (�) andg4 (�), (—
real strengths).

coordinates versus time are displayed in Fig. 4(b). As we
can see, the identified locations at each time step are slightly
dispersed around the real locations, which are steps.

In Fig. 5, we present the identified strengths at each time
step. Compared to the multiple heat sources identification
case, the identified strength is not smooth. The standard
deviation between the real strength and the identified one is
equal toσ = 14.8 W·m−1, which is very important. This is
due to the error in the location identification. Nevertheless,
the average of the difference between the real strength
and the identified strength at all the time steps is about
6.4 W·m−1, which shows that the global energy is well
recovered.

Fig. 3. The experimental section for the moving heat source.

(a)

(b)

Fig. 4. (a) Identified locations (©) of a moving source at each time step,
R = 4, (∗ real location), (b) Identified coordinatesx (�) andy (©), (—
real values).
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Fig. 5. Strength identification using the identified locations at each time
step,R = 4.

4. A 3d numerical example of a single moving source

The 3D example is treated here in order to show the
capabilities of the numerical method described previously.
The diffusive system proposed here is a reduced model of
a slag heap. It is a 50 mm height cone with a base of 50
mm diameter (see Fig. 6) and the thermal properties used
are nearly those of cement (λ = 1 W·m−1·K−1, α = 0.5 ×
10−6 m2·s−1).

The only example presented is a single moving source of
triangular strength describing a helical path within the cone
from the top to its base (see Fig. 7). The boundary mesh is
composed of 16 triangular and 48 square elements on the
cone(Γ1) and 16 triangular and 24 square elements on the
circular base(Γ2).

The experiment is performed during 3600 s with 50
time steps. For this example all the boundary conditions are
known. A linear heat losses coefficienth = 10 W·m−2·K−1

is applied on the cone boundary(Γ1) when the base(Γ2) is
kept at zero degree (θ(x, y,0,0) = 0 ◦C). A homogeneous
temperatureθ(x, y, z,0)= 0 ◦C is taken as the initial condi-
tion. For the inverse application, the boundaryΓ1 is scanned
and both the temperature and the heat flux are assumed to
be measured. The temperature onΓ2 is given as a Dirichlet
boundary condition and is assumed to be exact.

In order to take into account some measurement errors,
the numerical data are disrupted by an additional normal
error of zero mean value and standard deviationσ = 0.5 ◦C.
Such a formulation leads to random errors at 99% reliance
in the range[−2.576σ ;2.576σ ]. The random numbers are
generated by the routine RAN1 of [14].

The data produced by the direct numerical simulation
and disrupted by a Gaussian noise (σ = 0.5 ◦C) is used
to solve the inverse problem. In this example the location
given to initialize the iterative process at the beginning of
the sequential procedure of strength and location estimation

Fig. 6. Scheme of the 3D diffusive system, dimensions and boundary
conditions.

Fig. 7. Path followed by the point heat source in the 3D system during 50
time steps of 72 s.

is x = y = 0 andz = 25 mm. The identified path is given in
Fig. 8(a) in(x, z) diagram and in Fig. 8(b) in(x, y) diagram.
As we can see, the path is well recovered except for the
base of the cone where there is a lack of information. As
we can see, the method can cope with 3D cases provided
that the strength of the moving source is sufficient to
have non-zero sensitivity to location and strength, and that
the Fourier number is high enough to solve the inverse
problem. In the presented examples these conditions are
verified. In Fig. 9, we present the result of the strength
identification.
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(a)

(b)

Fig. 8. Results of identification of a moving source in a 3D system,
σ = 0.5 ◦C, (a) identified path projection on planex−z, (b) identified path
projection on planex−y.

5. Conclusion

In this paper we have presented our approach for multiple
point heat sources identification in the transient case. This
method is based on a Boundary Element Method formula-
tion, which is well adapted to the point heat source iden-
tification problem. Indeed, taking into account point heat
sources with the BEM does not require any refine domain
mesh around the point sources, but only a boundary mesh
and the calculation of incomplete Gama functions, which
depend on the sources coordinates. This property makes the
BEM more adapted to the problem of point sources iden-
tification than other classical numerical methods, such as
the finite element method, for which point heat sources are
mathematical singularities. Nevertheless, the boundary ele-

Fig. 9. Strength identification using the identified locations at each time
step,R = 4, σ = 0.5 ◦C.

ment method is restricted to linear problems in the transient
case.

The identification method, developed in this paper, per-
mits to identify both moving and static sources. The results
of the method combining the location and strength iden-
tification are satisfactory considering the 2D experimental
examples. They show that a set of point heat sources can be
identified using surface measurements only. Compare to the
other methods, described in the literature, our method per-
mits to identify more than 2 sources and can be applied to
moving heat sources.

An experiment has been set up to simulate a moving
point heat source using multiple heating wires activated
successively. The results show that it is possible to identify
both the path and the strength of a source moving in a
2D diffusive system. A numerical 3D example has been
presented to show the capabilities of the method. In this last
case the main difficulty is to produce an experimental point
source with a sufficient strength to permit the reconstruction
of the path covered by the source. An application of this
3D case could be the identification of a fireball moving in
a slag heap in order to prevent the blaze at the time when the
fireball reaches the surface.
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